This paper details a single-level approach for probabilistic and robust design with non-normal distributions. The normal tail transformation is used to find the equivalent means and standard deviations for non-normally distributed variables. Three structural problems including a beam vibration probabilistic design, a cantilevered beam with multiple constraints and a turbine blade robust design are used to illustrate the efficiency of the proposed method. The result comparison with the commonly used two-level approaches shows that the single-level approach is much more efficient and robust.
Introduction
Over the last 10 years probabilistic and robust design has been one of the prominent applications and challenges of structural optimization. The difficulty in considering reliability constraints or variation objectives lies in the fact that modern reliability analysis methods themselves are formulated as a problem of optimization. Therefore most existing approaches model the probabilistic and robust design as two-level optimization problems. The reliability indices or failure probabilities are computed using reliability analysis methods in the first level; then, the optimum design is solved through optimization algorithms by considering them as the optimization constraints in the second level. To compute the reliability indices at each optimization run, iterations are usually required when the iterative reliability algorithm (HL-RF) [1] are applied. N+1 (N is number of random variables) function calls are needed if the AMV method [2] is used. If the efficient safety index algorithm (ESIA) [3] is applied, the number of iterations for each reliability index calculation may be reduced to 2-4 and the computational cost can be decreased.
However, if the number of active constraints is large, it will be very time-consuming to conduct reliabilitybased structural optimization or robust design with the two-level approaches although the efficient algorithms are used. To alleviate this problem, single-level approaches for direct reliability-based optimization have been proposed in Ref. [4] [5] . These methods do not require the inner iterations for reliability index calculations during optimization runs, therefore the computational cost is significantly reduced, particularly for the problems having a large amount of constraints.
The objective of this paper is to demonstrate the efficiency of the single-level approach for both reliability-based optimization and robust designs, particularly with non-normal distributions. To directly conduct the reliability-based optimization and robust design with non-normal distributions, the normal tail transformation [6] is used to find the equivalent means and standard deviations for each variable at each optimization run. The MPP coordinates for each limit state function are determined based on these equivalent mean and standard deviation. Then, the constraints and gradients are calculated at the MPPs for the next optimization cycle. PEZ (a general purpose of the Design for Six Sigma (DFSS) tool) developed at GE Aircraft Engine) is used to drive the optimization and robust design. Three structural problems are used to demonstrate the proposed method, which include a probabilistic design of beam vibration problem with lognormal distributions, a cantilevered beam with multiple constraints and a turbine blade robust design problems.
Traditional Two-level Approaches for Reliabilitybased Optimization Design
In the tradition two-level approaches, the reliabilitybased optimization problem of the k th stage is stated as Minimize:
where, µ x (k) is an n-dimensional vector of random variables, which represents the mean values of random variables. p is a d-dimensional vector of design parameters. j0 is the required safety index for the j-th constraint Gj.
The safety index j is defined by the solution of the mathematical problem in the standard normal space (USpace) of random variables.
where U is the vector of random variables in the standard normal space.
There are many algorithms available that can solve this problem, such as mathematical optimization schemes [8] or iterative algorithms [1, 3] or the AMV method [2] . The commonly-used iteration method is the HL-RF method given in Ref. [1] , which approximates the limit state surface (2b) by its tangent plane at the most probable failure point (MPP) and then an improved point is obtained by computing the shortest distance from the approximate hypersurface to the origin. For nonlinear problems, several iterations are required to converge to the final MPP because the hypersurface is approached only by its tangent plane. If the limit surface is flat, the HL-RF method converges fast. However, if the limit surface is complicated or highly nonlinear, the truncation error of the linear approximation might be large and this method may converge very slowly, or oscillate and fail to converge. The efficient safety index algorithm (ESIA) presented in Ref. [3] approximates the limit state surface using a two-point nonlinear adaptive approximation. The safety index is obtained by iteratively solving the optimum solution of the approximate safety index model with the approximate limit state surface. The numerical results presented in Ref. [3] demonstrated that this technique is significantly more efficient and stable than other iterative algorithms. Usually, it requires 2-3 iterations. The AMV method in Ref. [2] estimates a 9-point cumulative probability distribution (CDF) based on the linear approximation at mean value points and function corrections at the selected 9 points. With a spline-fitted CDF curve, the failure probability and safety index at any given limit of the responses can be calculated based on the AMV results. This method requires N+10 performance function calls for each safety index and failure probability estimation. The number of function calls will be increased to N+1+9M if the problem has M performance functions.
The scheme of the reliability-based optimization with iterative safety index calculations or the AMV method is shown in Fig. 1 . The drawback of the traditional twolevel approach for reliability-based optimization is that the number of function calls will be dramatically increased if the system has a large amount of constraints. It is impractical for the problems requiring long simulation time.
Direct Reliability-based Optimization for NonNormal Distributions
In the direct reliability optimization proposed in Ref. [4] , no iterative safety index calculations are needed at each optimization iteration. The reliability index search is involved in global optimization search. The reliability based optimization problem given in Eq. (1) 
where µ x (k) are the mean values of random variables. Like deterministic optimization problems, the constraint G j (X (k ) is selected as the structural response, such as stress, displacement, frequency, etc. However, G j (X (k ) is the function of the most probable failure point (MPP) at the kth optimization iteration,
The relation between the MPP coordinates, X (k) , and the design variables, µ x (k) is computed as follows.
First, at the kth optimization run, the MPP coordinates in a standard normal space (U-space) are calculated as
where is the safety index, which represents the shortest distance from the origin to the limit state surface in U-space.
* is the vector of the direction cosines of at the MPP, which can be computed as
Based on the relation between normal and standard normal random variables, the MPP coordinates in Uspace can be expressed by the MPP coordinates in Xspace as follows X
Substituting Eq. (6) into Eq. (4), Eq. (4) can be rewritten as
x From this equation, the relation between the MPP coordinates, X * , and the design variables µ x can be given as
In Eq. (8), X * and µ x are related by . To assure that optimization can satisfy the required reliability at the convergent point, the required safety index, 0 , is used to replace the safety index in Eq. (8), that is,
Since this direct reliability optimization method doesn't require the inner iterations for the reliability analysis, it can significantly reduce the computational cost for the problems with a large amount of variables. However, the method given in Ref. [4] can only be used for the normal distributions. In practical engineering problems, many random variables are non-normal distributions. Hence, it is important to extend the single-level reliability based optimization to the non-normal distribution problems.
Reliability-based optimization is to minimize weight of the structure subject to a given reliability and other structural performance requirements. Robust design is to minimize the variation of the performance while at the same time achieving performance requirements and meeting reliability goals. To compute the variation and reliability of the performance, the inner iterations are required. Like reliability-based optimization, two-level approach is impractical for robust design. In this paper, the single-level reliability based optimization approach is applied for robust design with non-normal distributions.
Single-level Approach for Probabilistic and Robust Design With Non-normal Distributions
In the proposed work, the direct reliability based optimization mentioned above is applied for reliabilitybased optimization and robust design with non-normal distributions. Due to the non-normal distributions, the relation between the MPP coordinates, X (k) , and the design variables, µ x (k) is more complicated and implicit. When the random variables are mutually independent, the non-normal variables X can be transformed to the standardized normal variables U using the following formula
where F x ( X) is the marginal cumulative distribution function. Substituting Eq. (10) into Eq. (4), Eq. (4) can be rewritten as
A numerical method, Bisec-Raphson method, can be used to find X* of Eq. (11b). Then the equivalent means and standard deviations are computed by preserving the PDF at X*.
Based on Eq. (12), the direct reliability based optimization problem with non-normal distributions can be given as
and:
where:
The flow chart for the single-level probabilistic and robust design with non-normal distributions is shown in Figure 2 .
Numerical Examples
In this paper, three examples are selected to demonstrate the efficiency of the proposed approach for probabilistic and robust design. The examples include a probabilistic design of beam vibration problem with lognormal distributions, a cantilevered beam with multiple constraints and a turbine blade robust design problems. The results are compared with the traditional approaches to demonstrate significant reduction of computational time.
Example 1: Probabilistic Design of A Tapered Vibrating Beam
The physical geometry of the tapered beam is shown in Figure 3 . The linear taper from the base to the end makes the fundamental frequency a reasonably interesting nonlinear function of the geometry parameters. The random and design variables are given in 
where E is Elastic Modulus and equal to 17000000 lb/in 2 , is Material Density and equal to 0.161 lb/in 3 . PE fac and KE fac represent the potential energy factor and kinetic energy factor, respectively. They can be calculated as follows. 
The beam is designed for minimum weight, subject to the constraint on the failure probability of the frequency (greater than 220 HZ) less than 0.01. With the proposed single level directly reliability-based optimization approach, the problem can be formulated as follows:
The iteration history of reliability-based optimization design using the proposed single level approach is given in the following Table 2 . The iteration history of the traditional two-level approach is given in Table 3 . At each optimization run, an AMV method is used to compute the safety index, , which takes 13 function calls. The result comparisons of the proposed single-level and the two-level approaches are given in Table 4 . The single-level approach reaches the minimum weight of 0.8290 lbs with only 23 function calls, while the twolevel approach takes 312 runs with the optimal of 0.8873 lb.
Example 2: Robust Design of a Cantilevered Beam With an End Load
The cantilevered beam with an end load is shown in Figure 4 . The random and design variables are given in Table 5 . The displacement, stress and reaction moment of the cantilevered beam are computed as follows:
The beam is designed to minimize the variation in the displacement, stress and moment. At the same time guarantee that the safety indices of finding the beam displacement less than 4.0 in, stress less than 4000.0 psi and moment less than 25000.0 in-lb are greater than 2.0. With the proposed single level directly reliability-based optimization approach, the problem can be formulated as follows: With the proposed single level approach, the optimization takes 9 runs to reach the minimum of variation, 782.2915, shown in Table 6 . The iteration history of the traditional two-level approach is given in Table 7 . At each optimization run, an AMV method is used to compute the safety indices, , which takes 32 function calls for three constraints.
The result comparisons of the proposed single-level and the two-level approaches are given in Table 8 . The single-level approach only takes 8 runs to find the optimal while the two-level method takes 288 runs. This example demonstrates the single-level method can dramatically reduce the number of runs for the problems with multiple constraints.
Example 3: Robust Design of A Turbine Blade
A turbine blade shown in Figure 5 has three cooling flow parameters (w a, w b, w c ) as design and random variables with lognormal distributions. Life cycles at 9 locations are computed using a set of in-house and commercial simulation codes for heat transfer and mechanical analyses. It takes about 45 minutes to complete the cooling and mechanical processes
The goal of this design is to find the cooling flow parameters that will make the life cycles at 9 locations of the turbine blade less sensitive to manufacturing or environmental variation while at the same time achieving performance requirements. In this example, only the life cycle at location 3 is selected as the design constraint and the robust design is modeled as follows Table 9 . This example demonstrates the single-level approach can significantly reduce the computational time for the problems requiring long execution time.
Conclusions
This study investigated the use of the single-level approach for reliability-based optimization and robust design. The study shows that the single-level probabilistic and robust design is much more efficient than the traditional two-level approaches. Meanwhile, the single-level approach more likely reaches more optimum solutions than the traditional approach does by avoiding duplicated search in MPP and optimum design. For some complicated engineering problems, which requires a few minutes or hours simulation, the single-level approach can dramatically reduce the computation cost over the traditional two-level approaches.
The use of the most critical failure modes to represent the system failure probability, in most situations, may provide an inaccurate estimate of system reliability, particularly when one single failure mode does not have a relatively much higher probability of occurrence than all other failure modes. Therefore, the system reliability will be considered to perform more accurate probability estimation in the future work. 
